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CHAPTER  I 

PRELIMINARIES 

A  relation  R  on  a_  topological  space   X  ls_  a 
subset  _of  X  X  X.   If   A  Is  a  subset  of  X  and  If  R  Is 
a  relation  on  X,   let 

AR  =  P2  ((A  X  X)  rN  H) 

and 

RA  =  p-^  ((X  X  A)  r\  R) 
where   p.,  ,  Pp   are  respectively  the  first  and  the  second 
projections.   For  x  In  X  we  shall  write  simply  xR  for 
{  X  >  R. 
Let 

R^"^^  =  {  (y,  x)  I  (x,  y)  e  R  }  , 

AR^"-^^  =  •{  X  I  xR  C  A  ]  , 
and  r  I  1 

R^'^^A  =  {  y  I  Ry  C  A  }  . 

In  all  that  follows,   X  will  always  denote  a_  Hausdorff 

space,  and   R  a_  relation  on  X.   The  closure  of  a  set   A 

*  o 

will  be  denoted  by   A   and  the  Interior  of   A  by   A 


Definition  1.1.   A  relation  R  on  X  Is 

,  lower  seml-contlnuous  (abbreviated  l.s.c.) 

said  to  be  \ 

V.  upper  seml-contlnuous  (abbreviated  u.s.c.) 


at  X  in  X   if  and  only  if  x   in 


VR 


VR 


(-1) 


[-1] 


-  implies   x   in 


(VRt-lb° 


for  all  V  =  V  C  X.   R  is  said  to  be 


at 


\  on  X   if  and  only  if   R   is  /* 

u.s.c.j  ^U-S-C.-* 

X  for  all  X  in  X.    R  is  said  to  be  continuous  if  and  only 

if   R   is  both   l.s.c.  and  u.s.c. 


Definition  1.2.   A  relation   R  on  X   is 

upper  semiclosed   ( u .  s  .  c  1 . )  •]  |-  xR  ^ 

J  V  if  and  only  if  I  > 

\    lower  semiclosed   (l.s.cl.)J  ^  Rx  -' 

is  closed  for  any  x  in  X. 


Definition  1.3'  A  relation  R  on  X  is  said  to 
be  a  partial  order  if  and  only  if  the  following  conditions 
are  satisfied: 

(a)  (reflexivity) :  (x,  x)  e  R  for  all  x  in  X, 

(b)  (antisymmetry) :  (x,  y)  ^  R  and   (y,  x)  ^  R 
imply  X  =  y,    ■ 

(c)  (transitivity) :  (x,  y)  £  R  and   (y,  z)  e  R 
imply   (x,  z)  e  R. 


1.   A  relation  R  is  said  to  be  a  quasi-order  if 
(a)  and  (c)  are  satisfied. 


We  here  state  some  theorems  to  which  we  will  refer 
throughout  this  work.   The  proofs  of  these  theorems  may  be 
found  in  [19] . 

Theorem  1.1.   If  R  is  closed  in  X  ^  X  and  if 
A   is  compact,  then  both   AR  and   RA  are  closed;  moreover, 
if  V  is  an  open  set  then  R*- "  ■'   V  and   Vr'-"  •'   are  open. 

Theorem  1.2.   The  following  statements  are  equi- 
valent: 

(a)  R   is  l.s.c.   on  X. 

(b)  RA°  (^  (RA)°   for  all   A  C  X. 

(c)  A*  R  C  (AR)*   for  all   A  C  X. 

(d)  RV  is  open  for  all  open  V  C  X. 

(e)  P-,  I  R  is  open,  where   p.,  J  R  is  the 
restriction  of  p^   to  R. 


valent : 


Theorem  1.3-   The  following  statements  are  equi- 

(a)  R  is  u.s .c . 

(b)  VR^"-^-'   is  open  for  all   V  C  X. 

(c)  AR^"-*-^   is  closed  for  all  closed   A  C  X. 

(d)  A°  R^"^^  C  (AR^"-'-^)°   for  any  A  C  X. 

(e)  (AR^"^^)^C   A"^  R^"-^^   for  any   A  C  X. 

Theorem  1.4.   If  X  is  a  compact  Hausdorff  space. 


then  R  =  R*  if  and  only  if 

(a)  R  is  u.s.c.  on  X,  and 

(b)  R  is  u.s.cl.  on  X. 

Definition  1.4.   A  subset   C  of  X  Is  an  R-chaln 
if  and  only  if   C  x  c  C  R  U  R^  "-"-^  . 

As  a  consequence  of  the  well-known  Hausdorff 
raaximality  principle,  there  is  a  maximal  R-chain  for  any 
relation  R  on  any  space   X.   A  useful  result  of 
Wallace  [l4]  is  the  following. 

Theorem  1.5-   If  R  is  both  u.s.cl.  and  l.s.cl. 
quasl-order,  then  every  maximal   R-chaln  is  closed. 

Definition  1.5-   An  element   a   in  X  is  R -minimal 
(R-maximal) ,  whenever   (x,  a)  e  R  ((a,  x)  £  R)   implies 
(a,  x)  e  R  ((x,  a)  e  r) . 

The  following  fundamental  theorem  first  proved  in 
[l4]  will  be  used  repeatedly. 

Theorem  1.6.   If  R  is  a  u.s.cl.  (l.s.cl.) 
relation  on  a  compact  space   X,  and  if  A   is  a  non-void 
closed  subset  of  X,  then  A  contains  an  R-maximal 
(R-mlnlmal)  element   a   of  A. 


The  Alexander-Kolmogoroff  cohomology  groups  will 
be  used  as  developed  in  [21].   In  what  follov/s  the  coef- 
ricient  group  is  fixed  and  therefore  v/ill  not  be  mentioned. 
We  record  here  some  useful  theorems  from  [21]. 

Theorem  1.7-   If  B  C  A  C  X,  then 
hO(x,A)  -4  H°(X,B)  -il  H°(A,B)  -A_, 


h1(x,A)  -J^H^(X,B)  _i^H^(A,B)  -^—* 
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-*■ 


h'^(x,a)  --i->  

is  an  exact  sequence,  where   i*   and   j*  are  the  Induced 
homomorphisms  of  the  inclusion  maps   i   and   j   from  A   to 
X  and  X  to  X,  respectively,  and  6   is  the  coboundary 
operator  for  the  triple   (X,  A,  B) . 

Theorem  1.8.   For  the  space   X  and  any  connected 
set   A  of  X  the  homomorphism  i*  of 

H°(X)  -X-    H°(A)  -^  H^(X,  A) 
is  an  epimorphism  and  hence   6   is   0. 

For  simplicity  we  denote  by   f:(X,  A)  ^  (Y,  B) 
that   f  ls_  a_  function  from  X  to_  Y  and   A  ls_  a^  subset 
of  X  such  that   f(A)  C  B  C  Y.   Furthermore,  if 
i:(X,  a)  ->  (X,  B)   is  an  inclusion  map,  we  will  write 


i:(X,  A)  C  (X,  B) . 

*  * 

Theorem  1.9.  If   f:(X,  A,  B)  ^  (x'.  A',  B' )   Is 

continuous,  and  If  u:  (X,  A)  ->  (x' ,  A'), 

v:  (X,  B)  ->   (X',  B'), 

w:  (A,  B)  ->  (A^  B') 
are  defined  by 

u(x)  =  v(x)  =  w(x)  =  f(x), 
then  the  ladder 

6   .ttP/-,^     .\     ,1*.  TrP/^r    T.\     i^.  ,tP/  A     -r.\     5    . 


^hP(x,  A)  --l,hP(x,  B)  -^-*hP(a,  B) 

U*  V*  I  w' 

->hP(X,  a)— ^hP(X,  ^)—^YP{k,    B) 


is  analytic,  that  is,  each  rectangle  of  the  ladder  is 
analytic . 

We  state  here  a  special  case  of  The  Mayer-Vie tor is 
Sequence  which  will  be  sufficient  in  what  follows  for  our 
purpose. 

Theorem  1.10.   If  X  is  a  compact  Hausdorff  space, 
and  if  1.  =  l^^KJ    1.,^     where  X^   and  Xp  are  closed  subsets 
of  X,  then  there  exists  an  exact  sequence 


>  H^-^(X^  r\    X^)  ^±^   H^(X)  ~±-,  H^(X^)  X  H^(X2)  — ^ 

H^(x^  r\   Xg)  -^  ... 
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where   ( j*  ,  1*'  ,  6  )   and   ( j  *  ,  l*  >  6  )   are  the  homo- 
morphlsms  In  the  exact  sequences  for  the  triples  {X,    X  ,  □  ) 
and  (X  ,  X-  r\  X„,  Q  )   respectively  for  a  =  1,  2; 
k:  (Xg,  X^  r\    X^)  C  (X,  X^)  ;  J*  =  j*'^  x  J^g  ' 

I*  =  l""^  -  1*2  ;   and  A  =  J^  k*  "^  6^    . 

As  a  consequence  of  the  foregoing  theorem  we  have 
the  following 

Theorem  1.11.   With  the  hypotheses  of  Theorem 
1.10  and  if  X,  r\    Xp   is  connected,  the  homomorphism  A   in 

H°(X^  r\    Xg)  -^  H^(X)  -^H^(X^)  X  H^CXg)  -^ 


is   0. 


Proof.   Observe  the  following  ladder 
H°(X)  ^    H^(X,  X^)  -^   H^(X)   ""^   > 


u' 


k' 


—  * 

J 


2. 


H°(x^  ^  Xg)  — ^  HMX2,  x^  r^  Xg)  — 4  H-^CXg)  — ^ 


'-r*   -:-*   -?- 


where   u:  X-j^  o^  Xg  C  X  and  where   (j^,  1-^,    5^)  ,•   (J^,  T^ ,  d'^) 
and  k  are  as  in  Theorem  1.10.   It  follows  from  Theorem  1.8 
that  if  h   Is  in  H°(X-,  r\   X^)   then  there  is  an  h'   in 
H°(X)   such  that   u*(h')  =  h.   Thus  by  Theorem  1.9.,  we  have 
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T  -1 

k*  "^  6"2(h)  =   k*   k*  6^(h') 


-1  ^ 


which  contains   6  (h' ) .   And  A  =  j   k*  ~   6p   being 

a  well-defined  homomorphism,  we  see  that  for  any  a   and  3 

in  k*"^6"2(h),  j*(a)  =  jJ'CP)  .   Therefore, 

A(h)  =   j*  k^  -1  ^2^^)  =  Jl<5i(h')  =  0. 

The  following  notation  is  convenient.   If  P 
is  a  subset  of  Q  and  if  h  e  H^ ( Q)   then  h  |  P  denotes 
the  image  of  h  under  the  natural  homomorphism  induced  by 
the  inclusion  map  of  P   into   Q. 

Theorem  1.12.   (Reduction  Theorem) .   If  X   is  a 

compact  Hausdorff  space,  if   A  is  closed,  and  if  h  e  H^(x) 

such  that   h  I  A  =  0,  then  there  is  an  open  set  U  containing 
A  such  that   h  )  U     =0. 

Definition  1.6.   (X,  A)   is  a  compact  pair  if  and 
only  if  X   is  a  compact  Hausdorff  space  and   A  is  a  closed 
subset  of  X.- 

Theorem  1.13.   (Map  Excision  Theorem) .   If   (X,  A)  ' 
and   (Y,  B)   are  compact  pairs,  and  if 

f:  (X,  A)  ->  (Y,  B) 
is  a  closed  map  such  that  f  takes  X  -  A  topologically 
onto  Y  -  B,  then 


f^  :  hP(Y,  B)   ^  hP(X,  a) . 

\  • 

r  •  . 

Theorem  l.l4.  (Homotopy  Lemma) .  If  (X,  A)  is 
a  compact  pair  and  If  T  Is  a  connected  space,  and  if  for 
each  t   in  T 

A^  :  (X,  A)  ->  (X  X  T,  A  X  T) 
is  defined  by  A, (x,  t)  =  (x,  t) , 
then  A  *  =  A^   for  r  and  s   any  elements  of  T. 

X*       3 

Definition  1.7'   A  space  X   is  unicoherent  if 
and  only  if  X  is  connected  and  X  =  A  W  B  with  A  and 

B  closed  and  connected  implies  A    r^  B     is  connected.   X 

2 

is  hereditarily  unicoherent  if  every  subcontinuum   of  X 

is  unicoherent. 

Theorem  1.15-   If  X  is  a  continuum  and  if 
H^  (X)  =  0  for  G    i=     0,    then  X  is  unicoherent. 

Definition  1.8.   If  X  is  a  space,  if  A  C  X 
and  if  h   is  a  non-zero  member  of  H^(A),  then  a  closed 
set  P  C  A  is  a  floor  for  h   If  and  only  if  h  I  P  ^  0 
while   h  I  P'  =  0  for  any  closed  proper  subset   P'  of  P. 

/' 
/ 


2.   A  continuum  is  a  compact  connected  Hausdorff 
space. 


10 


Theorem  1 . l6 .  (Floor  Theorem) .   If   (X,  A) 
is  a  compact  pair  and  if  h  is  a  non-zero  member  of 
H^(a) ,  then  h  has  a  floor.   Moreover,  every  floor  is 
connected. 

Theorem  1 .  17 .   If   (X,  A)   is  a  compact  pair,  if 
R  =  A  X  A  U  A  where  A  =  {  (x,  x)  I  x  e  X  }  then 
hP(X,  a)   s  hP(X/R)   for  all  p>   1. 


CHAPTER  II 

A  CHARACTERIZATION  OP  THE  OUTPOINT  ORDER 

ON  A  TREE 

A  tree  is  a  continuum  such  that  every  two 
distinct  points  are  separated  by  the  omission  of  a  third 
point.   Let  X  be  a  tree  and  let   z  be  an  arbitrary, 
but  fixed  element  of  X.   Let   Q(z)   be  the  set  of  all 
such  pairs   (a,  b)   in  X  >'  X  such  that  at  least  one  of 
the  following  three  conditions  is  satisfied  : 
(l)   a  =  z, 
(ii)   a  =  b,  or 

(iii)   a  separates   z   and  b   in  X. 
It  turns  out  that   Q(z)   is  a  continuous  partial  order  on 
X,  and  with  respect  to  this  partial  order  z   is  the  unique 
minimal  element.   We  shall  refer  to  Q(z),  for  any   z   In 
X,   as  a  cutpolnt-order  [l]  on  the  tree   X.   The  purpose 
of  this  chapter  is  to  give  a  characterization  of  the  cut- 
point  order  on  a  tree  (Theorem  2.4).   We  also  obtain  a 
new  characterization  of  a  tree  from  Relation-theoretic  and 
Cohomological  view-points. 


11 


12 


Several  characterizations  of  a  tree  have  been 
given  [2],  [5],  [23],  and  [24].   Perhaps  the  most  useful 
of  these  characterizations  is 

Lemma  2.1.  [2],    [5]-   A  continuum  X   is  a  tree 
if  and  only  if  it  is  locally  connected  and  hereditarily 
unicoherent. 

An  excellent  proof  of  this  lemma  may  be  found 
in  Ward  [24] . 

Definition  2.1.   A  space   X   is  said  to  be 
semi -locally-connected  (abbreviated  s.l.c.)  at  a  point  x 
of  X  provided  for  any  open  set   U   in  X  containing  x 
there  exists  an  open  set   V  containing  x   such  that 
V  C  U  and  that  X  -  V  has  only  a  finite  number  of 
components.   If  X  is  s.l.c.  at  each  of  its  points,  it  is 
said  to  be  s . l.c . 

In  1953.  A.  D.  Wallace  [15]  proved  that  one- 
codimensional   compact  connected  and  locally  connected 
topological  semigroup  with  unit  and  zero  is  a  tree. 
L.  W.  Anderson  and  L.  E.  Ward,  Jr.  in  196l  [l]  modified 
Wallace's  result  by  eliminating  the  necessity  of  hypothe- 
sizing a  unit.   More  precisely,  they  proved  that  if 


1.  For  the  definition  and  properties  of  Codimension, 
see  Wallace  [21],  or  Cohen  [6]. 
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X   is  a  compact  connected,  locally  connected,  one- 
codlmenslonal  topological  semilattice ,  then  X.  is  a  tree. 
Wallace  [17]  improved  this  result  by  weakening  the  local 
connectedness  of  X  to  semilocal  connectedness  of  X. 
These  elegant  results  on  Topological  Algebra,  motivated 
the  following  Lemma  which  bears  a  Relation-theoretic 
analogy. 

Lemma  2.2.   If  R  is  a  relation  on  a  compact 
Hausdorff  space   X  with  RX  a  one-codimensional  semi- 

locally  connected  subspace,  such  that 

/  N  ■♦*■ 

(ij  the  relation  R  is  closed,  i.e.,  R  =  R  , 

(il)  H"'"(Rx)  =  0   for  every  x   in  X, 

(ill)  the  collection  {  Rx  |  x  e  Xt  has  the  finite 

Intersection  property  (abbreviated  f.i.p.),  and 

(iv)  Ra  r\    Rb  is  connected  for  each  pair  a,  b 


in  X, 


of  X. 


then  RS   is  a  tree  for  every  closed  subset   S 


The  proof  of  Lemma  2.2.  depends  on  the  following: 

Lemma  2 .3 .   If  A,  M  and  B  are  disjoint  non-void 
closed  subsets  of  a  normal  space  X,  and  if  A  is  either 
compact  or  consisting  of  finitely  many  components  such  that 
(i)   M  does  not  separate  A  and  B  in  X,   and   (ii)  for 


14 


any  open  set  U  containing  M  there  is  an  open  subset  V 
of  U  containing  M   such  that  X  -  V  has  oj;ly  a  finite 
number  of  components,  then  there  exists  a  closed  and 
connected  subset   N  of  X   such  that   N  C  X  -  M  and  N 
meets  both   A  and  B. 

This  lemma  was  first  proved  by  G .  T.  Whyburn  [26] 
for  the  particular  case  in  which  X  was  assumed  to  be  a 
metric  continuum  and   card  A  =  card  M  =  card  B  =  1.   The 
non-metric  case  was  implicit  in  a  paper  by  Wallace  [17] 
but  without  proof.   We  postpone  the  proof  of  Lemma  2.3-  to 
the  end  of  this  chapter. 

Proof  of  Lemma  2.2.   It  follows  from  (i)  and 
Theorem  1.1.   that   RX  is  closed  and  from  (lli)  and  (iv) 
that 

RX=     l^{Rxlxex) 
is   connected  and   thus      RX     is   a   continuum.      Similarly     RS 
is   a   continuum. 

Since  every  subcontinuum  of  a  tree  is  itself  a 
tree  and  since   RS   is  a  subcontinuum  of  FiX,  it  is 
sufficient  to  show  that   RX   is  a  tree. 

We  first  show  H-^(RX)  =  0.   If  there  were  a 
non-zero  h  e  H  (RX) ,  then  there  would  be  a  maximal  (non- 
void)  tower  7  of  closed  subsets   A  of  X  such  that 
h  1  RA  ^  0.   Let   A  =  r\    {    A  \  A   ^    '^   ]       .   Then 
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h  [  RA  zp.     0,      for  if  h  |  RA^  =  0,  then  by  the  Reduction 

Theorem  (Chapter  1,  Theorem  1.12.)  there  would,Vt)e  an  open 

V  3  RA   such  that   h  I  V*  =  0.   It  would  then  follow 
•^    o  ' 

from  Theorem  1.1.   that   R    -^  V  would  be  an  open  set 
containing   A  .   If  r'-"  -'v  is  designated  by  U  then 
R  U  C  V  so  that  there  is  an   A  in  7  with  A  C  U  and 
RA  C  RU  C  V*;  therefore   h  [  RA  =  0,  a  contradiction. 


Case  1.   Card   A  =  1,  i.e . ,  A  =  {  x  }  .   By 
(ii)   H  (RA  )  =  0,  a  contradiction. 

Case  2.   Card   A  >  1.   Write   A  =  A,  L^  A2 
where  both   A^   and   Ap   are  proper  closed  subsets  of   A  . 
We  consider  the  following  part  of  the  Mayer -Viet oris  exact 
sequence  (Chapter  I,  Theorem  1.10.), 

H°(RA^  n  RAg)  -^  H-^(RA^)  -£>  H-^(RA^)  X  H-^(RA2). 
Since  by  (iii)  and  (iv) 

RA  r\  RAg  =  U  {  RA  /^  Rb  I  (a,  b)  e  A^  X  Ag  J  i 
connected,  then  A  =  0  (Theorem  1.11.),  and 


s 


h   RA   e  Ker  J   =  ImA  =  0, 
o 

a  contradiction. 

RX  is  a  continuum  and  H  (RX)  =  0  imply  that 
RX   is  unicoherent  (Theorem  1.15-) •   RX  being  of  codimension 
one  and  H"''(RX)  =  0  imply  that  H  (K)  =  0  for  every  closed 
subset   K   of  RX  [21],  and  thus  every  subcontinuum  of  RX 
is  unicoherent. 
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We  now  prove  that  every  two  points  of  RX  are 
separated  in  KX.     by  a  third  point.   Suppose  there  were 
two  points   a   and  b   such  that  no  point  separated   a 
and  b   In  BX.      Then  by  Lemma  2.3'^  for  any  p  different 
from  both  a  and  b,   there  would  be  a  continuum  P  which 
would  be  irreducible  from  a   to   b   and  which  would  not 
contain  p.   If  q  were  an  element  of  P  distinct  from 
a  and  b  there  would  also  be  a  continuum  Q  irreducible 
from  a   to  b   and  which  would  not  contain  q.   But  then 
P  W  Q  would  be  a  subcontinuum  of  RX  which  would  not  be 
unicoherent,  since   P  r\  Q  by  our  selection  of   P  and   Q 
is  obviously  not  connected.   This  contradiction  completes 
the  proof. 

Theorem  2  A.      If  X  is  a  compact  Hausdorff 
space,  and  if  P   is  a  relation  on  X,  then  the  following 
conditions 

(i)  X  is  of  1-codimenslon  and  s.l.c., 
(ii)  P   is  a  closed  partial  order, 
(iii)  P   is  left  monotone,  i.e.,   Px  is  connected, 
and  H  (Px)  =  0   for  every  x   in  X, 

(iv)   {Px  I  X  e  X}  has  the  f.i.p.,  and 
(v)  P   is  right  monotone,  i.e.,   xP   is 
connected  for  every  x   in  X, 
are  necessary  and  sufficient  conditions  that  X  be  a 
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2 

tree,    and  that   P  be  a  cutpoint-order. 


Proof:   We  first  prove  the  sufficiency. 
Conditions  (li),  (iv)  and  the  first  half  of  (ili)  imply- 
that 

Pa  r^  Pb  =  U  {  Px  I  X  e  Pa  rN  Pb  } 
is  connected,  and  thus  Lemma  2.2.  yields  that  X   is  a 
tree,  - 

Since  X   is  compact  and  {  Px  I  x  £  X }  has  the 
f .i .p . ,  then 

{  Px  I  X  G  X  )  ft  a 
Indeed,  it  is  a  single  point,  the  unique   P-minimal  element 
of  X.   Let  us  denote  by   0   the  set 

{  Px  I  X  e  X  }  . 
We  prove  that   P  =  Q( O) .   If   (a,  b)  e  Q(o)   such  that 
a  =  0   or  a  =  b,   then  clearly   (a,  b)   must  be  also  in  P. 
If  a   separates   0  and  b   in  X,  then  since   Pb   is  a 
continuum  containing   0  and  b,   it  must  contain  a,   and 
we  again  conclude  that   (a,  b)   is  in  P.   Thus   Q(o)  C  P. 
Conversely,  if   (a,  b)   is  in  P,  then  since   a   is  in 
aP  r\    Pb,  and  since  both   aP   and   Pb   are  continua,  then 
aP  u/  Pb   is  a  subcontinuum  of  the  tree   X,  and  therefore 


2.  Condition  (v)   is  not  necessary  for  X  to  be 
a  tree. 

3.  Only  reflexivity  and  transitivity  of  P  are 
used. 
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by  Lemma  2.1.  it  is  unlcoherent.   Thus   aP  r\    Pb   is  also  a 
continuum.   Now,  by  virtue  of  the  Hausdorf f-Maximality- 
Principle,   aP  r\    Pb  has  a  maximal  P-chain,   C,   and 

(a)  C   is  closed  (Theorem  1.^.),    and 

(b)  C  _is  connected . 

For  if  C  were  not  connected  there  would  be  two  non-void 
disjoint  closed  sets   A  and   B   such  that   C  =  A  U  B 
and  b  e  B.   The  set   A  contains  a  maximal  element  m. 
Define   a'   and  b'   by  the  equations 

A''  =  Pm  r\  C   and  b'  =  C  -  Pm. 
b'  C  raP,  and  since   A  C  a' ,  then  b'  C  B.   Now 

a'   r\    B'       C   Pm  n  (mP  n  B)  -  (Pm  rN  mP)  n  B  =  D  , 
therefore 

c  -  a'  U  b' 

is  a  separation.   If  b   designates  the  minimal  element 

in  b',  then  by  the  maximallty  of   C 

mP  r^  Pb  =  {  m,  b  } 
o    ^   '   o  •" 

which  contradicts  the  connectedness  of  mP  n  Pb  . 

o 

Therefore,  any  maximal   P-chain  in  aP  n  Pb   is  connected. 

(c)  aP  r\  Pb  has  a   unique  maximal  P-chain, 
which  we  denote  by  C  (a,  b) . 

If  C  and  C'  were  two  distinct  maximal  P-chains 
in  aP  r^  Pb,  then  both  C  and  c'  would  contain  a  and 
b,   and   C  U  C'  would  then  be  connected,  and  hence  C    r\    C 
would  be  connected.   But  for  x  £  C  -  c' 
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C  ^  C'  =  (Px  ^  C  ^^  C)  U  (xP  r^  C  /^  C')  = 
C  o  (Px  U  xP)  n>  C' 

is  obviously  a  separation,  a  contradiction. 

Since  (O,  b)  e  Q(0)  C  P  and  since  X   is  a 
tree,  there  is  a  unique  connected  Q-chaln  [22],  [23] 
Cq(0,  b)  C  Pb   which  contains  both   0   and   b.   Pb  must 
also  have  a  connected  P-chain  containing  both  0  and   b 
and  this  P-chain  must  be  unique.   We  denote  by   C  (O,  b) 
the  unique  connected  P-chain  in  Pb   containing   0  and  b, 
Since  a   Q-chain  is  also  a  P-chain,  then 

Cp(0,  b)  =  Cq(0,  b). 
Similarly,  there  is  a  unique  connected  P-chain  Cp(0,  a) 
in  Pa  containing  both  0  and  a.   It  is  clear  that 

Cp(0,  a)  ^    Cp(a,  b)  -  Cp(0,  b)  ^   0^(0,  b) . 
As  a  consequence,   a  e  ^ni^)    ^)      ^^d  hence   (a,  b)  e  Q 
which  was  to  be  proved. 


We  next  prove  the  necessity.   Let  X  be  a  tree 
and  let   P  be  the  outpoint  order  on  X  with  respect  to 
a  point   z   in  X.   We  prove  that  X  and   P   satisfy  the 
conditions  (l),  (ll),  (ill),  (iv)  and  (v)  stated  in  the 
theorem: 

Proof  of  ( i) •   By  Ward  [24]  a  tree  is  a  compact 
connected  commutative  idempotent  semigroup  with  zero, 
therefore  it  is  acyclic  [l?]-   Hence  in  particular 
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H-'-(X)  =  0.   We  now  show  H-'-(A)  -  0   for  every  A  -  A*  C  X 
and  thus  X  is  of  one  codlmension,  unless   X ,'.  is  degenerate. 
Suppose  on  the  contrary  that  H  (a)  ^    0  for  some  closed 
subset   A   of  X.   If  h   is  a  non-zero  member  of  H  ( A) , 
then  by  the  Floor  Theorem  (Theorem  l.l6.)  there  is  a  floor 
F  C  A   for  h,   which  is  connected.   The  set   F  being  a 
subcontinuum  of  a  tree  is  itself  a  tree  and  hence  is  acyclic. 
Therefore,   H  (F)  =  0  which  contradicts  the  fact  that   F 
is  a  floor,  and  thus  H  (a)  =  0.   The  semilocal  connectedness 
of  X  follows  from  the  fact  that  X   is  compact  and  locally 
connected. 

Proof  of  (ll) .   This  is  proved  in  Ward  [24]. 

Proof  of  ( iii) •  The  outpoint  order  P   is  order 
dense  [23]  ,    and  since  by  (ii)   P  =  P   we  have  that  every 
maximal  P-chain  in  Px  is  connected  [22],  thus   Px   is 
connected.   Indeed,   Px   itself  is  a  tree  and  therefore  as 
has  been  proved  in  (i),   H  (Px)  =  0. 

Proof  of  (iv) .   This  is  obvious,  since   P  has 
the  least  element  z. 

Proof  of  (v) .    Replacing   Px  by  xP   in  the 
argument  of  (iii),  we  easily  obtain  the  connectivity  of  xP. 

Proof  of  Lemma  2.3'   (l)  There  is  a_  component 

A^   of  A  such  that  M  does  not  separate   A   and  B  in 
o  — ^ o  — 

X.   For  if  otherwise,  to  each  component   A,   of   A  there  is 
a  pair  of  disjoint  open  sets  G,   and  T,   such  that 
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X  -  M  =  G^  U  T^  and  G-^    ;)  A.^,  T^  ;>  B.   Since   A   is 
either  compact  or  consisting  of  finitely  many  .components, 
there  is  a  finite  subfamily  [G^,  Gp,  ...,  G  \   of   G/5 

such  that   A  C  U{G.  Ji=l,2,  ...,m}.   Whence 

m  m 

G  =  <y    G .      and  T  =   /~\   T.   are  two  disjoint  open  sets 

i=l   "^  .  T    "^ 

1=1 

such  that  X  -  M  =  G  ^    T     and  G  ;>  A,  T  :>  B  so  that  the 
hypothesis  (i)   is  contradicted. 

Throughout  the  rest  of  the  proof,  let   ?^[S]   be 
the  number  of  components  of  the  space   S.   Let  tT  =  ■{  V^  |  A  ^A} 
be  the  collection  of  all  open  sets   V^   containing   M  but 
missing  A  such  that   #[X  -  V^]   is  finite.   For  each 
V-,  £  t^  1st  R^  be  the  component  of  X  -  V,   that  contains 
the  component  A   of  A.  Designate  R^   u(R^AeA) 

(2)  R  ls_  open.   Let  y  ^  R,  and  let  \   ^      Ir 
be  such  that   R,   contains   y.   By  the  normality  of  X 
there  Is  a  V  e  ^  with  V   C  V  ^  r  V,  .   Since  X  -  V 

has  only  a  finite  number  of  components  and  since 

(X  -  v^)°  )  X  -  v/  ;  X  -  v^, 

we  have   R,  c!  R°  C  R-   Therefore   R  is  open. 
A  ^   M- 

(3)  For  each  V  e  2/  ^  there  is  an  R,   containing 

R   such  that 
a 


^%   r^  (X  -  v^)]  =  ^[R^  r,   (X  -  vj] 
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for  all  R   containing   R,  .   Let   C^,  C^,    ...,    C   be  the 
n  components  of  X  -  V  ,   so  that 

X  -  V^  =  C^  U  Cg  U  •  •  •   U  C^ 

where   C-,  =  R  ,  then  for  any  V^   contained  In  V   we  have 
X  -  V-,   containing   X  -  V  ,  so  that  each   C.   must  be  either 
totally  contained  In  R^,,  the  component  of  X  -  V^   contain- 
ing  A  ,  or  disjoint  from  R^ .   Thus 

#[Rp  ^  (X  -  V^)]   <    #  (X  -  V^)  =  n. 
But, 

#[R^  O  (X  -  V^)]   <   #[R^  r\    ix    -  Yj] 
if  R^  ;>  Rx  "D  R  •   Hence  there  is  an  R,  3  R   such  that 
the  number  #[Rt^  r\    (X  -  V  )  ]   is  the  maximal  so  that 

#[R^  rs    (X  -  VJ]  .  #[R^  r,    (X  -  V J  ] 
for  all   R   containing   R,  . 

I-L  A 

(4)  For  each  V  ^  I/-    ther^  i^  ?i}  ^X   such  that 

\  rs  U  -  \)  =R^  r.{x  -   vj 

for  all  R   containing   R, .   By  virtue  of  (3)  above,  there 
is  an  R,   containing   R   such' that 

#[R^  rs    (X  -  Vj]  ^  #[R^  r.    (X  -  VJ] 
for  all   R  containing   R^ .   We  note,  further,  that 

R   ^  (X  -  V  )  =  R,  o  (X  -  V  ) 
for  all   R   containing   R, .   For  if  as  in  (3)  above. 


we  express 


X  -  V^  =  C^  U  Cg  u  ...  u  c^ 


where,  without  loss  of  generality,   C.   is  contained  in  R, 
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for     1  =   1,    2,    ...,k(k<n)      and      C^   r\    R^  =    0    for 
i  =  k  +   1,    .  .  . ,    n,      then   it   follows   from     R       .containing 


R-^^      and 


#[R^   r.    (X   -  VJ]   =      #[R^   ^    (X   -  VJ] 


that   C.  r\    R  =  O   for  i  =  k  +  1,  ...,  n.   And  therefore, 

^^L  ^  (^  -  \^=  o^<j    c^v     ...  vjCj^ 
=  R^  ^  (X  -  v^) . 

(5)  R  =  R*  -  M;  that  is,   R   is_  closed  in  X  -  M. 
If  y   is  a  point  of  R"**"  -  M  then  there  exists  a  V   in 
t/-   missing  y.   By  the  normality  of  X  there  is  a  Vq 

in  tr    such  that   Vg  C  O  C  V^.   By  (4)  there  is  an  R^ 

containing   R^  such  that 

R^  A  (X  -  Vp)  =   R^r.     (X  -  Vp) 
for  all   R   containing   R, .   Furthermore,  if  U  is  an 

[X  A 

open  set  about   y,  then  U  -^  R,  =ir  O  .   For,  if  we  designate 
the  set   U  n  (X  -  vj*")      by  W  then  y   is  in  both  R  -  M 
and   W  so  that   W  '^  R  ^  O  ,  and  there  is  an  R.   such 
that  W  n  R^  4=  D  •   Without  loss  of  generality  we  may 
assume  that  R^   contains   R, .   Then 

D  4=  W  A  R^  =  W  /^  R^  C  (X  -  Vp) 

=  w  n  R^  r\  (X  -  Vq) 
=  w  ^^  R^. 

Thus,   UnR,  )WAR,  4:  0,30  that   y   is  in  R,   =  R>.- 
Therefore,   R  is  closed  in  X  -  M. 
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It  Is  to  be  noted  that  R  meets  B  and  hence 
R  ^  r\     B  ij:  D   for  some  T  ;  because  otherwise". 

X-M=R  U(X-M-R) 
would  be  a  separation. of  X  -  M  between  A   and  B,  so 
that   (l)   would  be  contradicted.   We  now  conclude  the 
result  by  taking   N  =  R  ^  . 


CHAPTER   III 
FIXED  POINTS  AND  MINIMAL  ELEMENTS 

In  the   Symposium  of  General  Topology  and  its 
Relations  to  Modern  Analysis  and  Algebra  (Prague  196l) , 
Professor  A.  D.  Wallace  announced  [18]  among  other  things 
the  following  fixed  point  theorem. 

Theorem  3»1>  [18,  Theorem  5]-   If  X   is  a 
continuum,  if  P  is  a  closed  left  monotone  partial  order 
on  X  such  that   PA"*  C  (PA)^   for  each   A  <  X,   and  if 
2  separates   Pa  and  Pb   in  X,   then  Pz  =  z. 

Wallace  applied  this  theorem  to  prove 

Theorem  3-2-  [18,  Theorem  6].   If  X   is  a  con- 
tinuum and  if  P   is  a  closed  left  monotone  partial  order 
on  A  such  that   PA^C  (PA)"**   for  each  A  C  X,  then  the  set 
K  of  P-minimal  elements  is  connected. 

However,  in  [18]  Wallace  gave  no  proof  of  the 
fixed  point  theorem.   For  the  sake  of  completeness,  we  will 
give  in  this  chapter  a  proof  of  Theorem  3 • 1  by  first  proving 
Theorem  3 '2  and  using  this  result  to  establish  Theorem  3'1' 
We  will  also  show  that  under  certain  conditions  the  state- 
ments 

(l)   If  z  separates  Pa  and  Pb  in  X  then 
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Pz  =  z. 

(ii)   The  set  of  P-minimal  elements  "is  connected, 
are  equivalent  (Theorem  S*^)* 

Furthermore,  if  P   is  a  partial  order  on  the 
continuum  X  and  K  is  the     P-minimal  elements  in  X, 
we  will  prove  in  Theorems  3-5>  3'D  and  3-7   that  the 
cohomology  groups  of  X  and  those  of  K  are  isomorphic 
for  all  non-negative  dimensions  for  certain  classes  of  X 
with  suitable  choice  of  P. 

The  following  lemma  will  be  used  in  the  proofs  of 
foregoing  theorems. 

Lemma  3 • 3 »  [cf.  l6].   If  X   is  a  compact  Haus- 
dorff  space  and  if  P  is  a.  lower  semi-closed  partial  order 
on  X  such  that  PA*"  <  (PA)*   for  each  A  C  X,  then  the  set 
K  of  P-minimal  elements  is  closed.' 

Proof.   Suppose  by  way  of  contradiction  that  there 
is  an  X  in  K*"  -  K.   Then  since   Px   is  closed  and   X  is 
compact  J   Px  has  a  minimal  element  which  must  be  a  P-minimal 
element  in  X,  and  thus 

Px  r^  K  i^  Q  . 
Let  y  be  any  element  in  PxrvK.   Obviously  x  %  y,   so 
that  there  is  an  open  set  U  containing  x  whose  closure 
excludes   y.   If  Y  =   U  r\  K,      then  PV  =  V,   and  x  is  in 
'V*.   Since 
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^C  (Pvf  =  V^ 


PV 

then  PV  C  U'^  and  hence   y  e  Px  C  PV  C  U^-   This  contra- 
diets  the  fact  that  y  ^  U  .   Therefore  the  set  K  Is 
closed. 


Proof  of  Theorem  3-2.   Let  us  assume  contrary  to 

the  conclusion  of  the  theorem  that   K  is  not  connected. 

By  Lemma  3-3  there  are  two  disjoint  non-void  closed  sets 

A  and  B  such  that   K  =  A  <J  B.      Since   P   is  closed,  then 

AP  and  BP  are  closed  and  X  =  AP  w  BP.   Furthermore,  the 

connectedness  of  X  yields  AP  r\  B?  ^    Q  .   Thus   AP  o  BP 

has  a  minimal  element,  say   t.   Since 

Pt  =  (Pt  rN  AP)  ^  (Pt  r^  BP)  , 

then 

(Pt  /^  AP)  ^  (Pt  '^  BP)  -  Pt  rs   (AP  r\  BP)  =  t. 

If  we  designate 

C  =  (Pt  /^  AP)  -  t   and   D  =  (Pt^  BP)  -  t, 

then  both  C   and   D  are  open  in  Pt.   Furthermore,   C  and 

D  are  both  non-void.   For  if   C   is  void,  then  Pt  O  AP  =  t, 

and  so   t  must  be  in  A.   This  implies  that   t   is  not  in 

BP  which  contradicts  the  fact  that   t   is  a  minimal  element 

in  AP  r\   BP.   Similarly,   D  is  not  void.   Consequently, 

Pt-t=CUD  is  a  separation.   The  connectedness  of   Pt 

yields      C^=   Pt  r\  AP     and      D*  =   PtrNBP.      Now,    for  each     x 

in  Pt  -  t  we  have   Px  C  Pt  -  t   and  the  connectedness  of 

Px  then  Implies  that  either  Px  C  C   or  Px  C  D-   Thus, 
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for  each  x   in  C  we  see  that  Px  C  C,  and  hence   PC  C  C, 
and  It  follows  that 

c"^ :?  (PC)"*"  :)  PC*  =  p(c  u  t)  :?  pt  :>  d 

which  is  a  contradiction.   Therefore   K  is  connected. 


Proof  of  Theorem  3-1-   Let  X  -  z  =  A  u  B  where 
A  and  B  are  non-void  separated  sets  and  aP  c  A  and 
hP  C  B.   Let  K  be  the  set  of   P-minimal  elements.   Now, 
if  Pz  ^  z,   then  K  C  X  -  z   and 

K  =  (K  rN  a)  ^  (K  r^  B) 
is  a  separation  for  K  which  contradicts  the  connectedness 
of  K. 

Theorem  3-^-      If  X  is  a  continuum  and   P   is  a 
closed  left  monotone  partial  order  on  X  such  that  the  set 
of  P-minimal  elements   K  is  closed,  then  the  following 
statements  are  equivalent: 

(i)   If  z   separates  Pa  and  Pb  in  X  then 
Pz  =  z. 

(ii)   The  set   K   is  connected. 

Proof.   ( i)  implies  ( ii)  .   Suppose  the  set   K  is 
the  union  of  two  disjoint  non-void  closed  sets   A  and  B. 
Since   K  is  the  set  of  P-minimal  elements  then 

X  =  KP  =  (A  >^  B)P  =  AP  VJ  BP. 
And  the  hypotheses  that  X  is  connected  and  P  is  closed 
yield   AP  r\  BP  4=  Q  .   Let   z   be  a   P-minimal  element  of 
AP   BP.   Then  there  are  elements  a  £  A  and  b^B  such 
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that  {a,  b}c  Pz  -  z.   The  equalities 

Pz  -  (Pz  ^N  AP)  *^  (Pz  rN  BP)  ,   and 
Pz  r\    (AP  r\  BP)  -  z 
show  that 

Pz  -  z  =  (Pz  rk  AP  -  z)  ^  (Pz  Pk  AP  -  z) 
is  a  separation,  that  is,  .  z   separates   a  =  Pa   and  b  =  Pb 
in  the  continuum  Pz ,  and  so  by  (i)  z  is  a  minimal  element 
which  is  neither  in   A  nor  B.   This  contradiction  estab- 
lishes the  connected  ness  of  K. 

(ii)  implies  (i) .   The  proof  as  given  for  Theorem 
3.1  applies  here  as  well. 

We  now  present  an  example  to  motivate  Theorem  3- 5' 

Example .  Let  X  =  {  (a,  b)  I  a^  +  b^  -  1 }  U 
{(0,  b)  1  1  <  b  <  2}  for  reals  a  and  b.  Let  X  be 
endowed  with  the  Euclidean  topology.   Let 

P  =  {  ((0,  b^),  (0,  b^))  I  1  <  b^  <  b^  <  2}  U  A 

where  A  =  |  (x,x)  [  x  e  X  }  .  Then  P  =  P''^  is  a  both  left 
and  right  monotone  partial  order  on  X  such  that  PA  C  (PA) 
for  each   A  C  X  and 

K  =  {  (a,  b)  I  a^  +  b^  =  1}  =  S"^   (l-sphere) 
is  the  set  of  P-minimal  elements. 

It  is  to  be  noted  in  this  example  that  H  (Px)  =  0 
for  each  x  e  X  while  H^(K)  ^  H^(S)  +  0  for  any  non- 
trivial  coefficient  group.   However  the  following  equality 
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H^(X)  =  H^(K)   holds  for  all  non-negative  dimensions.  . 

It  is  interesting  to  seek  conditions  on  X  and 
a  relation  P  which  imply  the  equality  Bp{X)    =  H^(K)   for 
all  non-negative  dimensions.   The  purpose  of  the  next 
theorem  is  to  take  a  small  step  in  this  direction. 

Theorem  3- 5-   If  X  is  a  continuum,  and  if   P 
is  an  upper  semiclosed  partial  order  on  X   such  that 

(i)   PA*  C  (PA)^   for  all   A  C  X, 
(ii)   there  exists  an  element   u  in  X  such  that 
X  -  K  C  Pu  where   K=  {  ^   \    Px=x},   and 

(iii)   the  quotient  space   X/K  x  K  ^  A  modulo 
K  X  K  U  A   is  a  topological  semilattice  under  the  natural 
partial  order  induced  by  P,  where  A  =  {  (x,  x)  I  x  e  x  }  , 
then,   hP(x)  s  hP(K)   for  all  integers   p  >  0. 

Proof.   For  simplicity  in  notation  we  write 
Y  =  X/KXKOA.   Since  every  compact  topological  semilattice 
has  a  (unique)  zero,  we  write   z   for  the  zero  of  the  semi- 
lattice   Y.   By  the  hypothesis  (ii),   Y  has  a  (unique)  unit 
which  will  be  denoted  by  u  also  since  no  confusion  is 
likely  to  occur. 

We  will  accomplish  the  proof  in  three  steps. 

(a)   hP(X,  K)  ^  hP(Y,  z)   for  all  integers  p  >  0. 
Let   f  :  (X,  K)  -»  (Y,  z)   be  the  natural  map.   Since   (X,  K) 
is  a  compact  pair,   f  is  a  closed  map,  and  moreover,   f 
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takes  X  -  K  topologically  onto  Y  -  z.  Thus -by  the  Map 
Excision  Theorem  (Theorem  1.13)  f^  :  H^iY,  z)  ->  E^{X,  K) 
Is  an  isomorphism. 


(b)   hP(X,  K)  =  0  for  all  integers   p  >  0. 


We 


establish  this  by  showing  H^(Y,  z)  =  0   for  all  integers 
p  >  0.   Define   f^  :  (Y,z)  ->  (Y,z)   by   f^(y)  =  t  /^  y  for 
all   t  e  Y,  where  a   is  the  semilattice  operation  on  Y. 
If  for  each   t  e  Y  define   A^ :  (Y,  z)  ^  (YXY,  z  x  Y)   by 


A^(y)  =  (y,  t),  then  f^  =  A  o  a^ 
Lemma  (Theorem  l.l4)   A*^ 


u 


Since  by  the  Homotopy 
thus 


f*=  -kK    A^=  A*cA^=  f  ^. 
z     z         u       u 

Since   f   is  the  identity  map,  so  is   f  .   Let 

i  :  (z,z)  C  (Yj  z)   be  an  inclusion  map  and  let  h  :  (Y,  z) 

->   (z,  z)   be  defined  by  h(y)  =  z   for  all  y  e  Y.   Since 

f  =  i«  h,  the  following  diagram 


hP(Y,  z) 


u 


-?  hP(Y,  z) 


hP(z,  z) 


is  analytic,  for  all  non-negative  integers  p,  that  is 

f  ^  =  f  *=  h*e  i*.   <^^-—  "P 
u    z 


Since   H^(z,  z)  =  0  for  all  integers 
p>  0  and  hP(Y,  z)  =  f'^(HP(Y,  z))Ch*(HP(z,  z))   for  all 
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Integers   p  >_  0,  then  H^(Y,  z)  =  0   for  all  integers  . 
p  >_  0  as  desired. 

(c)   hP(x)  =  }/(K)   for  all  Integers  p  >  0.   By 
combining  the  above  results  with  the  exact  sequence  for 
the  triple   (X,  K,   Q  )  (Theorem  l.j),      we  obtain  the  exact 
sequence 

0  =  hP(x,  k)  ^  hP(x)  ^  hP(k)  ->  hP"*"  ^(X,  K)  -  0 
for  p  =  0,  1,  2,  ...  .   Consequently,   hP(x)   and  hP(k) 
are  isomorphic  for  all  non-negative  dimensions. 

We  now  center  our  attention  on  the  case  in  which 
X  is  of  codlmension  one. 

Theorem  3 '6.   If  P  is  a  closed  partial  order  on 
a  continuum  X  and  if  ir  :X->X/KXKUA  designates  the 
natural  map,  such  that 

(i)   PA*C  (PA)*  for  a]l  A  C  X, 
(ii)   P  is  left  monotone  and  H-'-(7r(Px))  =  0  for 
all  X  e  X, 

(iii)   X  is  of  codlmension  one, 
then  hP(X)  ^  hP(k)   for  all  p  >  0. 

Proof.   Denote   X  =X/KXKUA  and 

P  =  i  (7r(x),  7r(y))  |  (x,  y)  £  P  } 
then  since  X   is  compact   and  ir     continuous,   P   is  closed 
and  left  monotone;   indeed  we  have   Ptt(x)  =  7r(Px).   By 
virtue  of  Theorem  1.17,   we  have  E^{X,    K)  -  R^ {x)      for  all 
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p  >_  1.   Since  X  is  of  codimenslon  one  we  have  H^(X,  K)  = 
0  for  p  >  2  [21].   We  show  H'^(X,  K)  =  0   by  proving 
H  (X)  =  0  .   Using  the  same  argument  employed  in  the  proof 
of  Lemma  2.2   one  sees  that   H  (PS)  =  0  for  all  closed  sets 
S   in  X;   in  particular  we  have  H  (x)  =  0  .   We  have  noted 
in  part  (c)  of  the  proof  for  Theorem  3.5  that  if  E^{X,   K) 
=  0  for  all  p  >  1   then  H^Cx)  ^  hP(k)   for  all  p  >  1. 
The  equality  h'^(x)  =  h'^(K)   follows  from  the  fact  that 
both  X  and  K  are  connected  [Theorem  3-2]. 

We  remark  that  the  hypothesis   (iii)   in  Theorem 
3.6  may  be  weakened  to  : 

(iii  )   cd  (X  -  K)^  =  1, 
and  this  may  even  be  dropped  completely  if  each   Px   is  a 
chain,  as  will  be  seen  in  the  following 

Theorem  3 •7-   If  P  is  a  closed  partial  order  on 
a  continuum  X  such  that 

(i)   PA"^  C  (pa)*",  and 
(ii)   each  Px   is  a  connected  chain, 
then  hP(x)  s  hP(k)   for  all  p  >  0. 

Proof.   Let  X,  it     and   P  be  defined  as  in 
Theorem  3-o-   Since   P   is  closed  and  ttPx   is  a  connected 
chain  P   is  closed  and   P7r(x)   is  a  connected  chain.   It 
follows  then  that  each  P7r(x)   is  a  generalized  arc  and 
hence  H^(P7r(x))  =  0  for  all  p  >^  1.   As  it  has  been  noted 
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in  the  proof  of  Theorem  3-6,   H"'"(PS)  =  0  for  all  closed 
sets   S   in  X.   We  now  show  E^{X)    =      0  for  all  p  >  1 
by  proving  H^(PS)  =   0   for  all  p  >.  1  and  for  each  closed 
set   S   in  X.   If  there  were  a  least  integer  n   such  that 

Tit  "^     \  "^ 

H  (PA)  ^   0   for  some  closed  set   A  in  X,  then  n  would 
have  to  be  greater  than   1,  and   A  4=  D  .   Let   h  be  a  non- 
zero member  of  h"(PA),   then  h  1  Pa  =  0  for  each  a  e  A 
and  hence  by  the  Reduction  Theorem  there  is  an  open  set   V 
containing   Pa   such  that  h  1  V  =0;   then  by  Theorem  1.1 
there  is  an  open  set   U  containing   a   such  that   PU  C  V. 
Thus  the  collection  (X     of  all  open  subsets   U  of   A  such 
that  h  1  PU  =  0   forms  an  open  cover  of   A.   Also   Cn   is 
closed  under  finite  union,  for  if  U,   and  Up   are  in  0^ 
denote   h  =  h  I  Pu!'  U  PU*.   Since   P(U,  U  U^)*^  =  P(U*  ^  U^) 

O        '1        d  ±  d.  Id 

-   PU-,  ^   PU   ,  to  show  (X      is  closed  under  finite  union  it 
suffices  to  show  h  =0.   In  the  following  part  of  Mayer- 

Vietoris  exact  sequence  : 

A  J* 

h'^'^CPU^^PU*)  -^  h'^CPU^^PU*)  -^  h"(PU*)  X  H^'CPUg'^) 


the 


since   J'**(h^)  =  (h  1  PU*  h  I  PUg)  =  (O,  O)  ,   h^  is  in 
image  of  A.   But  H^'-'-CpU*^  PUg)  =  h'^'""^(PS)   where   S  = 
PU^rNPUp*  is  a  closed  subset  of  X,   and  hence  h""^(PS)  = 
0  by  the  minimality  of  n.   This  proves   h  =  0  so  that 
(X      is  closed  under  finite  union.   Since   A  is  compact, 
A  is  a  union  of  some  finitely  many  elements  of  Os.  .   Thus 
A  must  be  in  (X      and  so  h  =  0,  a  contradiction.   This 
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together  with  Theorem  1.17  implies  E^{X,    K)  =  H,P(x)  =  0.  for 
all  p  >_  1.   It  then  follows  from  the  exact  sequence  for  the 
triple   (X,  K,  D)  [Theorem  1.7]  and  the  connectedness  of  X 
and  K   [Theorem  3-2]  that  hP(x)  =  hP(K)   for  all  p  >  0. 

Remark .   Theorem  3-7  may  be  stated  more  generally 
by  repacing  the  hypothesis   (li)   by 

(ii')   each  7r(Px)   is  acyclic. 

We  conclude  this  chapter  by  exhibiting  an  example 
which  answers  a  question  in  Topological  Semigroups.   A  clan 
is  a  compact  connected  topological  semigroup  with  unit  [20] . 
Let   S  be  a  clan  and  let 

R  =  {  (x,  y)  1  (x,  y)  e  S  X  S,  xS  u  Sx  c  yS  u  Sy  } 
then  R  is  a  closed  quasi-order  on  S  and  the  set  of 
R-minimal  elements  is  also  the  minimal  ideal  of  S.   The 
question  to  be  answered  is:   if_  a  clan   S   i_s_  a_  tree,  is 
its  minimal  ideal  an  arc  or  a_  point  9 

The  answer  is  affirmative  if   S  is  abelian  (or 
normal;  xS  =  Sx  for  all  x  e  S) ,  but  it  is  negative  in 
general. 

Example .   Let   S  =  X  u  I  be  the  subset  of 
Euclidean  3-space  such  that 

X  =  {  (x,0,0)  I  -1  <  X  <  1  }  U  {(0,y,0)  1  -1  <  y  <  1) 
I  =  {  (0,0, t)  t   0  <  t  <  1  }  ; 
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(0,-1,0) 


(-1,0,0) 


(0,1,0) 


let   S  be  endowed  with  the  i, (.0,0,1) 

Euclidean  topology  and  let 

the  multiplication   o   on 

S  be  defined  below  (the 

usual  multiplication  of 

reals  is  denoted  by 

juxtaposition)  : 

i.   AoM-  =  A   for  all   A  e  X  and  for  all   M-  e  s, 
ii.   (l,  o)   is  the  usual  semigroup  of  the  real 
unit  interval;  i.e., 

(0,0,t^)o(0,0,t2)  =  (0,0,t^t2), 
iii.   For  each   (0,0,t)  e  I   and  for  any  (0,y,0)eX, 
(0,0,t)o(x,0,0)  =  (tx,0,0)  and  (0,0,  t)  o(  0,y,0)  =  (0,ty,0). 
Then,   (i)   (S,  o)  is  associative. 

(2)  o  :  S   S  ->  S   is  continuous. 

(3)  (S,  o)  is  a  clan  with   (0,0,l)   as  unit. 

(4)  The  minimal  ideal  of   (S,  o)   is  X     which 
is  neither  an  arc  nor  a  point. 


(1,0,1) 


It  is  interesting  to  observe  that  the  semigroup 
S  given  in  the  above  example  may  be  realized  as  a  semi- 
group of  matrices  by  the  following  one-to-one  correspond- 
ence : 


(x,y,t)   <- 


ft        x  +  yf-i  > 


•■0 
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where   -l<x,  y<l,  0<t<l   and  (tx)^  +  (xy)^  +  (yt)^ 
=  0.   The  correspondence  is  indeed  an  Isomorphism.   Prom 
this  the  assertions   (l),  (2)   and   (3)   in  the  example 
are  self-evident. 
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CHAPTER   IV 
FIXED  POINT  PROPERTIES  AND  INVERSE  LIMIT  SPACES 

A  space   X   is  said  to  have  the   f_.  £_.  p_.  (fixed 
point  property)  if,  for  every  continuous  function  f:  X  ^  X 
there  exists  some  x   in  X   such  that  x  =  f (x) .  Hamilton 
[8]  has  proved  that  the  chainable  metric  continua  have  the 

f •  p-  p. 

A  space  X  is  said  to  have  the   P.  2..  £_.  (fixed 
point  property  for  multifunctions)  if  every  continuous 
"multifunction   F  :  X  ->  X  has  a  fixed  point,  i.e.,  there 
exists  a  point  x  in  S   such  that   x  e  F(x) .   Obviously 
if  X  has  the   F.  p.  p.   then  it  has  the   f.  p.  p.,  but 
the  converse  need  not  be  true.   Strother  [13]  has  exhibited 
two  continua  X  and  Y  both  have  the   F.  p.  p.  but  their 
Cartesian  product  XxY  fails  to  have  the  F.  p.  p.  Borsuk 
[3]  has  constructed  a  decreasing  sequence  of  three-cells 
whose  intersection  does  not  have  the  f.  p.  p.   The  inter- 
section is  the  inverse  limit,  the  bonding  maps  being  in- 
jections.  As  a  counter  theorem  to  the  results  of  Strother 
and  of  Borsuk,  we  prove  that  if   (X,  ,  tt-^  ,  /\  )   is  an 


1.   Following  Strother  [12],  a  multifunction 
F  :  X  ->  Y  is  continuous  if,  and  only  if,  F(x)  is  closed  for 
each  X,  and  P"  (A)  is  open  (closed)  if  A  is  open  (closed). 
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Inverse  system  of  compact  spaces  such  that  each  X,   has 
the  P.  p .  p.  then  the  Inverse  limit  space  has  the  F.  p .  p . 
As  a  corollary  to  this,  we  obtain  Ward's  generalization  [25l 
of  the  Hamilton  theorem  [8]  that  every  chainable  metric  con- 
tinuum has  the   P.  p.  p.   Our  result  is.  Indeed,  stronger 
than  the  Ward's,  since  it  includes  some  of  the  non-metric 
chainable  continua  as  well. 

Definition  ^.1.   The  collection   (X-^,  ir^    ,    /\  ) 
is  as  inverse  system  of  spaces  if: 

(i)  A   is  a  directed  set, 
(ii)   A   in  A   implies  that  X,   is  a  Hausdorff 
space, 

(ill)   whenever  A  >  p,  there  is  a  continuous 
function  TT-^,,  :  X,  ->  X,  , 

A|J,      A      [I 

(iv)   if   A  >  (x  and  \x  >    v ,    then  tt^^   =  Vv'^A[x  * 

The  function  v-.         is  called  a  bonding  map.   If  A 
is  in  A   let   S,   be  the  subset  of  the  Cartesian  product 
P{  X^  1  A  £  A  }  ,  defined  by 

S,  =  I  X  I  if  A  >  [J,  then  """^.n^C^)  =  ^(m-)}  } 

where  x(A)   denotes  the   A-th  coordinate  of  x. 

Definition  4.2.  The  inverse"  limit  space  Xq,  of 
the  inverse  system  of  spaces  (X^,  tt-,  ,  A  )  is  defined  to 
be 

Xco=  r\{  s^,  I  ^  ^  A) 
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endowed  with  the  relative  topology  Inherited  from  the 
product  topology  for  P  (  X,  j   A  e  A }  ;   In  notation  X 
-  llm  (X^,  ir^^,    A). 

We  write   p-^  :  P  {  X^  1  A  e  A  >  ->  X-^   for  the  A-th 
projection  of   P  |  X,  |  A  e  A }  ,  i.e.,   Pt.(^)  =  ^(A)   for  all 
xin  P|X,  I  A^A};   the  restriction  p,  |  X^  will  be  de- 
noted by  TT,   which  will  be  called  a  projection  map .   It  is 
readily  seen  from  the  definition  that  an  element  x     of 
P  [  X^  I  A  e  A]  is  in  X^  if  and  only  if  """^  tt^Cx)  =  it  (x) 
whenever  A  >  (i,.   A  more  detailed  account  of  inverse  limit 
space  may  be  found  in  Lefschetz  [10],  Eilenberg  and  Steenrod 
[7],  Capel  [4]  and  Mardesic  [11]. 

The  following  known  results  (see,  e.g.,  [4],  [10]) 
will  be  used. 

Lemma  4.3.   (i)   The  collection  {Tr"''"(U,)  1  A  e  A 

and  U,   is  an  open  subset  of  X,  |   forms  a  basis  for  the 
topology  of  Xoo- 

(ii)   The  inverse  limit  space   X^o  is  Hausdorff; 


if  A  eA  ,   S   is  a  closed  subset  of   P  {  X,  I  A  e  A} 


-^      --   -    ^^^^^^   ^^.^^.  ^.    ^  ..^ 


so 


that  X^     is  closed  in  P  ■(  X^  j  A  e  A}  . 

(iii)   If  X,   is  compact  for  each   A   in  A  then 

A 


Xgg     is  compact;   if,  in  addition,  each  X^   is  non-void 


then  XoQ  is  non-void 


(iv)   If  X,   is  a  continuum  for  each  A  ^A  then 
the  inverse  limit  space  is  a  continuum. 
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Lemma  ^  A .  If  A  Is  a  compact  subset  of  X^ 
and  If  TT^^  -  TT^^  I  7r-^(A),  then  (ir^(A),  tt^'^,  A)  Is  an 
inverse  system  of  spaces  such  that   A  =  lim  {jr-.{A)  ,   tt-^  ,  A) 

and  each  bonding  map  tt.    Is  onto. 

In  the  sequel,  since  we  are  only  interested  in 
compact  spaces,  each  projection  map  tt^  will  be  assumed 
to  be  onto;  for  if  otherwise,  by  virtue  of  Lemma  4.4, 
each  X^  may  be  replaced  by  it,  (X^)  without  disturbing 
the  resulting  inverse  limit  space.  We  are  now  ready  to 
state  our  main  result. 

Theorem  4.5.   Let  i^->,>   """>  '  '^  ^   be  an  inverse 
system  of  compact  spaces  such  that  each  X,   has  the  P.  p. 
p.,  then  the  inverse  limit  space   Xoo  also  has  the  F.  p.  p. 

We  divide  the  proof  of  this  theorem  into  the 
following  steps.   In  Lemmas  4.6,  4.7   and  4.8  X^o    will  be 
assumed  to  be  the  Inverse  limit  space  of  the  inverse  system 
(X^,  TT-,  J  A  )   of  compact  spaces. 


Lemma  4.6.   If  F  :  X^  ->  X^  is  a  continuous 
multifunction,  define  F^  :  X,  ^  X^   by  F,  =  VjF  ir7        for 

each   A.   Then  F,   is  a  continuous  multifunction. 

A 

Proof.   (i)   If  t  is  in  X^,  then  since  P  :  X^ ->  X„ 
is  a  continuous  multifunction,  by  Theorem  1.1   and  Theorem 
1.4  of  Chapter  I,  Ptt^  (t)  is  a  closed  subset  of  X^.   Thus, 
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F^(t)   is  closed  for  every   t   in  X,  . 
A  /^  ,  .        . 

(ii)   If  C,   is  a  closed  subset  of  X,,  then 
F~  (C,)   is  closed.   It  is  readily  seen  that   F~  tt'    (C-.) 

is  closed  In  Xoo  and  hence  compact;   therefore 
T^■^F~  Trr  (C^)  =  F~  (C,)   is  compact  and  hence  closed. 

(iii)   If  U^  is  open  in  X^,  then.  F7    (U,)  is  open. 

IT-,  and  F  being  continuous,  F  ir^  ^^-\^  ^^  ^^  open  subset 
of  Xoe.  .  It  follows  then,  by  virtue  of  Lemma  4.3  (i)^  that 
ir^F~\^-^{lSj^)    =  Fx^(U^)   is  open. 

Thus,  by   (i),  (ii)   and   (iii)   above,  F,  :  X-,->X, 
is  continuous. 

Lemma  4.7.   Let   F  :  X^,  "^  X^,  be  a  continuous 
multifunction,  let  F,  :  X,  ^  X^  be  defined  as  in  Lemma  4.6. 

Then,  for  each  x  in  Xq,  , 

(i)   (F^7r^(x),  TT^^,  A)^  and   (Tr^F(x)  ,  v^^,    A  ) 

are  inverse  systems  of  compact  spaces, 

(ii)   lim  (F^7r^(x),  ir^^,   A)  =  lim  (7r^F(x)  ,  tt^^.A), 

(iii)   F(x)  =  lim  (F^7r^(x),  tt^^,  A). 

Proof.   Since  each  F,   is  continuous  (Lemma  4.6) 
and  each  X,   is  compact,  so  is   F^tt..  (x)   for  all  A  e  A  . 


2.  For  simplicity  in  symbolism,  henceforth  if 


AC  lim  (X^,  TT-^  ,  a)   then   (f^^A,  tt,  ,  a)   will  mean 
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To  show  that   (F,7r,  (x)  ,  """t^,,  j  ^)   forms  ah  Inverse  system, 
it  suffices  to  show  "^-ku^jj^-x^^)   C  ^^^    (^)   whenever  A  >  |j,. 
To  this  end  we  first  observe 

since  tt-,  tt-.  =  tt  .   From  this  we  have 

Ap,  A      [X 

=  ^An^-^A^  ^A^^^Aiv^""^ 

=  (^am.^a)^^^ah^a)"\(^V 

=  P  TT  (x), 

by  the  definition  of  F,  ,  F   and  the  equality  tt,  tt,  =  tt  . 

The  fact  that   (7r-.F(x)  ,  "f"^  ,  A)   forms  an  inverse 

system  follows  from  Lemma  kA. 

(ii)   For  each   A  e  A   and  any  x  e  X„  ,  we  have 
X  £  irr  TT-v  (x)   and  hence, 

'n"^P(x)  C  TT-^F   TT^  "^x^^^  "  ^"^A-^  "^A  ^■^A^^^  "  "^a'^A^^^  * 
Thus, 

11m  (Tr^F(x),  TT^^,  A  )  C  li"^  ^^A^A^^^  '  "^Aia'  ^^* 
To  prove  the  other  inclusion,  we  show 

Xoo  -  11m  (7r^F(x)  ,  tt^^,  A  )  C  X^  -  11m  {'P-^ir^ix)  ,  tt^^.  A)  . 

Let  y  be  in  X^  -  11m  (ir^F(x),  7i\^  ,  A  )   then,  by  Lemma  ^A 
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there  exists  a  jjl  e  A  such  that  "t  (y)  ^  "^n^i^)  •      ^^t  U 
and  V   be  two  disjoint  open  sets  in  X   such  that 


so  that 


7r^(y)  e  u^  and  7r^F(x)  C  V^ 


F(x)  C  v\  • 


It  follows  then  from  Lemma  4.3  (l)   and  the  continuity  of 
F  that  there  exists  a   6  e  A  and  an  open  set   U,   In  X^ 

such  that  X  e  tt"  Ur  ,  and 

(  ^)  F(Tr7^U.)  C  "^"^V   . 

Slnce  A   Is  directed,  there  Is  a   A   ^  A   such  that 

A  >  [J,  and   A  >  6 ,  we  shall  use  this   A   throughout  the 

proof  of  this  lemma.   If  we  write   U,   =  ir^    .Ui   and  use 

Aq    Aq6  6 

the  equality  7r7  =  """C  '^y,  d    '    ^^^^      ( "^^ )  ^^^^   ^®  rewritten 


and  hence 

Ao  Ao     Ao    Ao^  Ao^  v.  Aq  |X   M-    ^o      ^o\^   ^o  M- 


In  particular. 


F,  TT-,   (x)  /-  TT-,    V 

^o  ^o   ^  ^o^  ^ 


Similarly,  one  obtains 

Aq     AqP.  ^i 

since  TT,,(y)  ^  U   and  v     =  ir,   tt,   .   The  fact  that   U 

(-1.         |J.  \X  o     o  ^ 

and     V       are   disjoint   implies     iry^  ll^ll'^'""A  lx^ll  ~   ^      ^^^ 


45 


consequently  tt-,  (y)  ^  P-,  tt,  (x)  .   Prom  this  we  conclude 

Aq     T    Aq  Aq 

y  ^  lim  (F,Tr,  (x)  ,  "n",  ,  A)   as  desired. 

(iii)   This  follows  immediately  from   (ii)   and 
Lemma  4.4. 


Lemma  4.8.   Let   F  :  X^->  X^^  be  a  continuous  multi- 
function, let  P,  :  X-,  ^  X-,   be  defined  as  in  Lemma  4.6  Let 

AAA 

forms  an  inverse  system. 

Proof.   It  suffices  to  prove  ir,  E,  ^  E  whenever 

A  >  tx.   Let   e,  e  P,(e-,),  then 

=  ^ix(^a^l^a)^a'(^a)  =  P^.K^x(^A))• 

Thus,   TT^  E,  ^  E   as  is  to  be  proven. 

Proof  of  Theorem  4.5.   Since  each  X,  has  the 

A 

P.  p.  p.  and  by  Lemma  4.6   each  P^  :  X,  ->  X,   is  continu- 
ous, each  E,  is  closed  and  non-void.   By  Lemma  4.8, 
(E,  ,  IT-.  ,  A  )   is  an  inverse  system  of  compact  spaces,  so 
it  has  a  non-void  inverse  limit  space   lim  (E,  ,  tt^  ,  A). 
We  now  conclude  the  proof  by  showing  that  each  x  in 
lim  (Ev,  TTvy  ,  a)   is  a  fixed  point  under  P;  i.e.,  x£P(x)  . 


he 


If  X  Is  in  lim  (E,,  """t^m'  '^  )   then  """^(x)  ^  ■  E-^   forall 

A  e  A  ;  i.e.,  ^^-^i^)    ^   ^a'^A^^^   ^°-^  ^■'■■^   A  e  A  .   Conse- 
quently, by  Lemmas  ^A     and  ^ -7 ,    we  have 

X  =  lim  (Tr^(x),  tt^^.  A)  e  lim  (F^Tr^(x)  ,  'n'^^jj^^  '\) 

=  P(x). 

In  fact,  with  the  assiomption  of  Theorem  4v5  and 
the  notation  of  Lemma  k.&      together  with  the  notation 
E  =  •[  x  I  X  £  F(x)  l  J  we  can  make  the  following  sharper 
assertion. 

Theorem  4.5'  .   E  =  lim  (E^,  ir^  ,  A  )  . 

Proof.   From  the  proof  of  Theorem  4.5,  we  have 
E  :>  lim  (E^,  TT^^,  A)  . 

It  remains  to  prove  that 

E  C  lim  (E^,  TT^^,  A)  . 

Let  X  be  in  E,  then  x  e  F(x)   and  therefore,  for  all 
A  e  A  , 

7r^(x)  e  7r^F(x)  C  tt^fCtt^V^)  (x)  =  F^(7r^(x)). 

That  is,   'n'^^(x)  ^  E,   for  all   A;   consequently,  by  Lemma  4.4 
E  C  lim  (E^,  TT^^,  A  )  . 


A 


chain  (U-,,  U^,  •••,  U  )   is  a  finite  sequence 


of  sets   U.   such  that  \J.  r\  U .   ^   ^      if  and  only  if 
-'-  -'-J 

I  i  -  j  I  <_  1.   A  Hausdorff  space  X  is  said  to  be  chainable 
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.if  to  each  open  cover  \^      of  X  there  is  a  finite  open 
cover  %L  =    (U  ,  U^,    ...,    U  )   such  that   (i)  IJi    refines 

V^   (^^)  X)^  =    (^i>    ^2'    '"''    ^r)      fo^"^s  a  chain.   It 
follows  that  a  chalnable  space  is  a  continuum.   It  is 
implicit  in  a  paper  by  Isbell  [9]  that  each  metrizable 
chainable  continuum  is  the  inverse  limit  space  of  a  sequence 
of  (real)  arcs.   This  together  with  a  theorem  of  Strother 
[13]  that  a  bounded  closed  interval  of  the  real  numbers  has 
the   F.  p.  p.  imply  the  following  result  of  Ward  [25]   as  a 
consequence  of  Theorem  4.5> 

Corollary  4.9.   Each  chainable  metric  continuum 
has  the- P.  p.  p. 

Examples  of  inverse  limit  spaces  of  inverse 
systems  of  real  arcs  exist  which  are  not  metrizable;   for 
instance,  the  "long  line"  is  one  such.   Thus,  Theorem  4.5 
is  a  proper  generalization  of  that  of  Ward's  [25]' 
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